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Abstract: The objective of this research is to use grain-scale numerical simulations to analyze the evolution of stress anisotropy exhibited in
wetted granular matter. Multiphysical particulate simulations of unsaturated granular materials were conducted to analyze how the inter-
actions of contact force chains and liquid bridges affect macroscopic responses under various suction pressure and loading histories. To study
how the formation and rupture of liquid bridges affect the mechanical responses of wetted granular materials, a series of suction-controlled
triaxial tests were conducted with two grain assemblies, one composed of large particles of similar sizes, the other composed of a mixture of
large particles with significant amount of fines. The results indicate that capillary stresses are anisotropic in both sets of specimens, and that
stress anisotropy is more significant in granular assemblies filled with fine particles. A generalized tensorial Bishop’s coefficient is introduced
to analyze the connections between microstructural attributes and macroscopic responses. Numerical simulations presented in this paper
indicate that the principal values and directions of this Bishop’s coefficient tensor are path dependent. DOI: 10.1061/(ASCE)EM
.1943-7889.0001005. © 2015 American Society of Civil Engineers.
Author keywords: Unsaturated porous media; Young–Laplace equation; Bishop’s effective stress; Capillary stress; Pendular regime;
Discrete element simulation.
Introduction
Many near-surface granular materials, such as sand, silt, and sea-
floor sediment, are infiltrated by water and air owing to rainfall,
groundwater-level changes, or external loadings that promote fluid
transport. This moisture content may transform the mechanical re-
sponses of grains that are otherwise cohesionless and thus reshape
the earth surface features. For instance, adding small water in
cohesionless dry sand may create enough surface tensions among
grains to transform dry sand into an ideal raw material for sculp-
tures. The moisture content may also change the frictional coeffi-
cient of granular materials—a fact exploited by ancient Egyptians
to facilitate the sliding of heavy objects, as evidenced by the wall
painting from 1880 BCE in the tomb of Djehutihotep (Fall et al.
2014). In 1490, Leonardo de Vinci began his investigations on
capillary phenomena. His study on capillaries continued with the
work of Laplace, Young, Gauss, Rayleigh, and numerous others in
mathematics, physics, mechanics, and engineering (Koiso and
Palmer 2007). In a nearly saturated state, capillary effect is nearly
isotropic. However, in funicular and pendular regimes, where water
may form liquid clusters and bridges, the anisotropy of the capil-
lary effect can be significant. The surface tension and the presence
of menisci may have important implications for the mechanical
responses of granular matter. In the pendular regime, where the
degree of saturation is low, the intermolecular forces exerted
on the solid–fluid interface may be strong enough that the liquid
may stick and form a pendular bridge in between solid grains
instead of flow in the pores. While a liquid bridge may introduce
an attractive force among grains, the relative movement of the
grains connected by the liquid bridges may cause it to spread,
stretch, and rupture.
At the macroscopic level, the forces due to interactions between
solid grains and liquid bridges are often collectively taken into ac-
count as an isotropic suction or capillary stress exerted on a con-
tinuum mixture composed of solid, air, and liquid (Bishop 1959;
Bishop and Blight 1963). This isotropic capillary pressure is often
incorporated into hydromechanical finite-element models via an
extension of effective stress theory. Equipped with appropriate
plasticity models that replicate the suction-dependent constitutive
responses [e.g., basic Barcelona model (Wheeler et al. 2002)] and
retention behaviors, this macroscopic approach has enjoyed great
success in modeling unsaturated porous media, especially when the
degree of saturation is sufficiently high (Lewis and Schrefler 1998;
Zienkiewicz et al. 1999; Borja and Koliji 2009; Sheng et al. 2004).
Nevertheless, recent experimental and theoretical studies have
demonstrated that capillary stress is in fact anisotropic in a pendular
regime (Lu and Likos 2004; Scholtès et al. 2009). This anisotropy
evolves as liquid bridges form or rupture in the deforming granular
material (Richefeu et al. 2006; Scholtès et al. 2009; Wan et al.
2014). Since the migration of water inside the wetted granular ma-
terials also affects the size and shape of the liquid bridges, this
anisotropic suction effect is expected to be hysteretic and depends
strongly on air and water diffusion. As a result, moisture content
may significantly alter how wave propagates in unsaturated granu-
lar materials. Nevertheless, the exact mechanism that leads to this
evolving anisotropic effect has not been fully elucidated (Wan et al.
2014).
This study aims at using discrete element simulations to im-
prove the understanding of the grain–air–water interaction mecha-
nism at the grain scale and of how the micromechanical interaction
induces macroscopic stress anisotropy. In particular, a linear normal
contact model is used to model the normal contact, while the tan-
gential response is governed by the Coulomb friction law. This
mechanical discrete element model is coupled with a capillary
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model in which solutions of the Young–Laplace equation are used
to compute the force exerted on the particles by liquid bridges.
From a microscopic perspective, the menisci may form a force-
chain network similar to the force chain of a grain-to-grain contact
network. As the grain assemblies are subjected to external loadings,
liquid bridges may form or rupture owing to the motion of particles
and thus change the topology of the meniscus network. Since the
rupture and formation of liquid bridges are governed by the dis-
tance between particles, grain size distribution plays an important
role in the evolution of a meniscus network. To study how the suc-
tion effect varies with grain size distribution, the authors conducted
a suction-controlled experiment on two grain assemblies, one com-
posed of particles of similar sizes and the other composed of a mix-
ture of large particles and fines. The partial Cauchy stresses are
homogenized from both the solid grains and meniscus networks.
Simulation results from suction-controlled compression tests at a
variety of suction levels are analyzed.
As for notations and symbols, bold-faced letters denote tensors;
the symbol · denotes a single contraction of adjacent indices of two
tensors (e.g., a · b ¼ aibi or c · d ¼ cijdjk); the symbol: denotes a
double contraction of adjacent indices of tensor of rank two or
higher (e.g., C∶ϵe ¼ Cijklϵekl); the symbol⊗ denotes a juxtaposition
of two vectors (e.g., a ⊗ b ¼ aibj) or two symmetric second-order
tensors [e.g,. ðα ⊗ βÞ ¼ αijβkl].
Generalized Bishop’s Coefficient Tensor
In geotechnical engineering and geomechanics practice, air–water–
particle interactions are rarely modeled explicitly. Rather, macro-
scopic homogenized theory, such as Biot’s poroelasticity theory
or mixture theory, is often used to model the collective responses
of the air, water, and solid constituents at the macroscopic scale. In
this situation, Cauchy stress (or other appropriate stress measures)
is partitioned into three parts, i.e., the effective stress and the pore
water and air pressures. Such a macroscopic treatment is often re-
ferred to as the effective stress principle. The effective stress prin-
ciple was originally proposed in 1936 for saturated porous media
(Terzaghi 1996; De Boer 1996; Sun 2013; Sun et al. 2013b, 2014).
Terzaghi’s effective stress principle may be stated in the form of
two propositions:
1. Effective stress is the exclusive cause of the change in volume
and shear strength of a soil; and
2. The effective stress of a soil is defined as the difference be-
tween the total applied stress and the pore fluid pressure.
Extension of the effective stress principle to unsaturated porous
media has been proposed by Bishop (1959). Bishop’s effective
stress, which is presented in Eq. (1), is commonly accepted by
the geomechanics research community, although the validity of the
total stress partition between suction and effective stress is the sub-
ject of a longstanding debate and sometimes misunderstood, as
indicated by Jennings and Burland (1962) and Laloui and Nuth
(2009):
σ 0ij ¼ σij − paδij þ χsδij ð1Þ
where σij = total stress tensor; s ¼ pa − pw = difference between
the pore air pressure pa and the pore water pressure pw, i.e., capil-
lary pressure; and χ = Bishop’s coefficient, which is related to the
degree of saturation Sr (Bishop 1959). The major result of using
Bishop’s effective stress is that it enables a simple transition to
Terzaghi’s effective stress by imposing χ ¼ Sr ¼ 1 when the
porous medium becomes fully saturated and χ ¼ Sr ¼ 0 when
the porous medium is dry. Bishop’s coefficient is considered to
be a scalar owing to the underlying assumption that the capillary
effect is isotropic. However, this assumption is not valid according
to experiments conducted on wetted granular matter in the pendular
regime in which the anisotropic nature of capillary effects cannot be
neglected (Lu et al. 2007; Manahiloh and Muhunthan 2012; Fall
et al. 2014). A possible explanation of the anisotropic effect is that
the anisotropy stems from microstructural attributes. In particular,
since the orientation of the force chains formed by both the granular
contacts and pore water menisci are both nonisotropic, the macro-
scopic capillary stress, which is a function of force and branch vec-
tors, is also not necessarily isotropic. Furthermore, since the spatial
distributions of granular contacts and pore water menisci evolve
when the wetted granular assemblies are subjected to external load-
ings, this anisotropic effect is likely to evolve according to the load
history, as evidenced by experimental data obtained from computed
tomography (CT) images, (Alonso et al. 2010; Hicher and Chang
2007; Hashemi et al. 2013; Higo et al. 2013). Moreover, Richefeu
et al. (2006), Soulie et al. (2006), and Scholtès et al. (2009) con-
ducted discrete element simulations to investigate contact and
liquid bridge fabric. They showed that liquid bridge fabric is both
anisotropic and path dependent when subjected to shear loading.
This anisotropy may lead to the anisotropy of macroscopic effective
and capillary stress tensors (obtained from homogenizing grain-to-
grain and grain–water–grain contact force and branch vectors)
being anisotropic. In this study, the authors’ objective is to quantify
the interplay between the microscopic force-chain orientation and
macroscopic anisotropy of effective and capillary stresses. In par-
ticular, the macroscopic stress is obtained via homogenization of
force and branch vectors (Sun et al. 2013a; Iwashita and Oda
2000; Cambou et al. 2009), i.e.,
σij ¼ σcontactij þ σcapillaryij þ paδij ð2Þ
















where gc denotes grain contact and n denotes liquid bridge neck.
lgc and ln represent the vectors connecting the centers of two grains
corresponding to the solid contact and liquid meniscus, respec-
tively. Since the microstructural attributes of both force and branch
vectors depend on the orientations of particle contacts, the capillary
stress σcapillaryij , which is the sum of dyadic products of capillary
forces and branch vectors as defined in Eq. (2), is usually not iso-
tropic, even though the macroscopic suction remains isotropic. As a
result, the authors introduce a tensorial form of Bishop’s coefficient
to replace the isotropic term χsδij in Eq. (1) by the tensorial form
χijs:
σ 0ij ¼ σij − paδij þ χijs ð5Þ
Comparison of Eqs. (5) and (2) leads to
σcapillaryij ¼ −χijs ¼ −χijðpa − pwÞ ð6Þ
Like the isotropic classical counterpart in Laloui and Nuth
(2009), this generalized Bishop’s coefficient tensor χij is generally
not a constant parameter but depends on microstructural attributes,
such as force chain topology and pore size distribution. These
features will be analyzed in the following sections in which
suction-controlled triaxial loadings are prescribed in wetted
© ASCE B4015004-2 J. Eng. Mech.































































granular assemblies. The authors account for these changes by
micromechanical studies of contact normal and meniscus orienta-
tion as well as interparticle distance. The main goal is to investigate
how the degree of anisotropy of χij evolves differently in wetted
granular materials of different grain size distributions. The effect
of fines content and suction pressure on the principal values and
directions of χij will also be examined.
DEM Models
The behavior of wet granular media under external loads has been
studied using both experimental and numerical approaches (Bishop
and Blight 1963; Fall et al. 2014; Laloui and Nuth 2009; Wheeler
et al. 2002). Because the overall behavior of a specimen is
strongly related to the interaction between individual particles
and liquid bridges, understanding the microscopic forces, grain
structures, and water distribution is a key step toward understand-
ing the macroscopic behavior of unsaturated porous media. While
recent advances in tomographic imaging techniques may poten-
tially open the door to studying the connection between micro-
structures and macroscopic responses, applying this technique
to wetted granular matter remains a technically challenging task
Hashemi et al. (2013). Meanwhile, macroscopic continuum mod-
els based on either mixture theory or extensions of Biot’s poroe-
lasticity theory have often been used to capture the mechanical
behaviors of wetted granular matter. In macroscopic continuum
models, air–water–solid interactions are not modeled explicitly.
Rather, they are collectively considered as a continuum mixture,
with each constituent (solid, water, and air) occupying a fraction
of the volume at each macroscopic material point (Borja and
Koliji 2009; Laloui and Nuth 2009; Salager et al. 2006; Sun et al.
2011a, b).
An alternative to this continuum approach is to explicitly model
the interactions among particles, liquid bridges, and air in wetted
granular assemblies. This discrete mechanics approach, often re-
ferred to as the distinct or discrete element method (DEM), was
first introduced by Cundall and Strack (1979). In DEM, the mo-
tions of particles are governed by Newton’s second law, and their
positions and velocities are computed by an explicit finite differ-
ence integration scheme. In this study, an open-source discrete
element code, yet another dynamic engine (YADE), is used to
model the friction-cohesive mechanical behavior of wetted granular
matter in a pendular regime (Šmilauer et al. 2014). The linkage
between microscale and macroscale properties is established by
the homogenization techniques, where macroscopic strain and
stress tensors of a representative elementary volume are derived
from the positions of particles and liquid bridges, as well as the
normal, tangential forces exerted on them (Kruyt and Rothenburg
1996). The capillary physics was introduced into the model by
solving the Young–Laplace equation. Various numerical simula-
tions have been conducted to examine the evolution of mechanical
and hydraulic properties of unsaturated granulates. To simplify the
problem, the authors assume that the degree of saturation remains
low enough during the numerical simulations such that water only
exists in the form of liquid bridges between the surface of grain
pairs. As a result, the interparticle normal force represents a com-
bined effect of the grain-to-grain normal contact force and the capil-
lary force developed in liquid bridges. Such a hypothesis is usually
valid at low water content, and the corresponding unsaturated state
is called the pendular regime. Triaxial compression tests were per-
formed on numerical samples, and the effect of partial saturation on
macro and micro behaviors was studied.
Contact Friction Model
The classic frictional-normal contact law for cohensionless par-
ticles is adopted in the DEM simulation to model the granular con-
tact between two particles. Contact force between two particles is
generated when the two overlap each other and follows Hooke’s
law. Two stiffnesses can be defined: Kn and Kt in the normal n
and tangential direction t of the contact plane, respectively, as
shown in Fig. 1. Incremental changes in the normal force dFn
and the tangential force dFt are thus expressed as
dFn ¼ KndUnn ð7Þ
dFt ¼ −KtdUt ð8Þ
where dUn = incremental normal overlap distance and dUt = in-
cremental tangential relative displacement vector.
The tangential force is limited by a maximum value of
kFmaxt k ¼ −μkFnk according to Coulomb’s friction law, where
μ is the Coulomb friction coefficient. It is related to the interparticle
friction angle ϕc by μ ¼ tanðϕcÞ.
More complex models, such as Hertz–Mindlin, could also be
used (Sun et al. 2013a), yet some studies suggest that there are
no significant improvements compared to the linear model and
that the calculation time increases significantly Di Renzo and
Di Maio (2004).
Capillary Model
Many DEM liquid bridge models have been developed to introduce
attractive capillary forces between grains in a pendular regime, and
some of them are based on solving the Young–Laplace equation.
For example, some researchers approximate the form of a liquid
bridge by a torus and derive the water volume and capillary force
from the suction pressure Δp ¼ pair − pwater, but the capacity to
treat polydisperse assemblies is limited (Jiang et al. 2004). There
are also models that explicitly express the capillary force in terms of
the geometric parameters of a liquid bridge, but in those cases the
suction pressure becomes an additional unknown (Soulie et al.
2006). In this study, the authors employ the capillary model
implemented in the DEM code YADE to simulate the capillary
effect at the grain scale. This model, originally introduced by
Fig. 1. Contact friction model
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Scholtès et al. (2009), differs from the aforementioned approaches
in that the suction pressure Δp is assumed to be uniform in space
and serves as the control parameter for unsaturated sample tests.
The distribution of liquid bridges in the samples is hence almost
homogeneous. The meniscus volumes and capillary forces are di-
rectly computed fromΔp and grain-pair geometry by interpolating
discrete numerical solutions of the Young–Laplace equation. The
authors briefly outline the capillary model in this section, and in-
terested readers are referred to Scholtès et al. (2009) for further in-
formation.
The geometry and parameters of the liquid bridge model are
illustrated by Fig. 2. The complex profile of the menisci is de-
scribed by the curve function yðxÞ in the coordinate system of
Fig. 2. The two principal radii of the local surface curvature are




and r2ðxÞ ¼ ½1þ y 02ðxÞ3=2=
y 0 0ðxÞ. The curvature of liquid bridge C is defined by 1=C ¼
1=r1 þ 1=r2, R1 and R2 are sphere radii, ζ1 and ζ2 are filling an-
gles, θ is the wetting angle, xc1 and xc2 are the x-coordinates of the
solid–liquid–air interface, and D is the intergranular distance.
The liquid bridge model is governed by a system of four non-
linear equations. First, the curvature of liquid bridge C can be
related to the suction pressure Δp ¼ pair − pwater and the surface
tension γ through the Young–Laplace equation
Δp ¼ s ¼ γ
C
ð9Þ
The nonlinear differential equation for the meniscus profile yðxÞ
is therefore written as follows:
Δp
γ
½1þ y 02ðxÞ3=2 þ 1þ y
02ðxÞ
yðxÞ − y
0 0ðxÞ ¼ 0 ð10Þ
The attractive capillary force exerted by the liquid bridge can be
estimated at the profile neck y0 based on the so-called gorge
method (Hotta et al. 1974):
Fcapillary ¼ 2πy0γ þ πy20Δp ð11Þ
The corresponding volume of the liquid bridge between two







πR31½1 − cosðζ1Þ2½2þ cosðζ1Þ
− 1
3
πR32½1 − cosðζ2Þ2½2þ cosðζ2Þ ð12Þ
and the intergranular distance D
D ¼ R2½1 − cosðζ2Þ þ xc2 þ R1½1 − cosðζ1Þ − xc1 ð13Þ
The solution scheme of the foregoing system of Eqs. (10)–(13)
incorporated into YADE leads to a suction-controlled model where
the capillary force and volume of a liquid bridge can be determined
by the imposed macroscopic suction pressureΔp for a given pair of
spheres of radius R1 and R2 and their intergranular distance D. The
formation of a liquid bridge is assumed to occur once the two grains
come into contact. The critical intergranular distance beyond which
the liquid bridge ruptures is not explicitly given but corresponds to
the distance value from which the Young–Laplace equation no
longer provides a stable liquid bridge (Lian et al. 1993). The dis-
tribution of liquid bridges evolves with the updated sample
configuration, and the overall degree of saturation is directly com-
puted using the total volume of menisci. In this study, the surface
tension is set at 0.073 N=m, and the contact angle θ is equal to 0 in
the program.
The current model presents some simplifications and limita-
tions. It is assumed that all particles in the granular assemblies
are spherical, and surface roughness and gravity are negligible
(Toker et al. 2014). The degree of saturation is restricted to low
values (Sr < 12%), so that it is assumed that overlappings of neigh-
boring interparticle liquid bridges are negligible. The interparticle
friction angle is assumed to be constant and not to vary with the
degree of saturation. The model also does not incorporate the
redistribution law of water when the menisci break (Shi and
McCarthy 2008).
DEM Experimental Results
Evolution of Bishop’s Coefficient during Suction-
Controlled Triaxial Tests
The researchers first investigate the evolution of Bishop’s effective
stress coefficient χ during a triaxial compression test on a specimen
of equal-sized spheres. The diameter of the grains is set to a small



































Fig. 3. State path of triaxial compression test and reverse test; arrows
point in loading directionFig. 2. Liquid bridge model
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walls is constructed, inside which a DEM assembly is prepared by a
sphere packing generation algorithm available in YADE and con-
tains approximately 11,000 particles. The material parameters are
chosen to be the same as the previous DEM experiments in
Scholtès et al. (2009) (Young’s modulus E ¼ 50 MPa, ratio of tan-
gential to normal stiffness α ¼ kt=kn ¼ 0.5, and friction angle
ϕc ¼ 30°). The deformation of the DEM sample is carried out
by moving the walls according to the prescribed loading processes.
The suction pressure in the numerical test is maintained constant
(10 kPa), corresponding to a suction-controlled triaxial test on
unsaturated soil. This first simulation consists of three stages.
An isotropic compression takes place under a confining pressure
of 10 kPa. The quasi-static compression is carried out along the
Y-axis up to 15% axial strain, at which point the sample is near
its critical state, while the lateral borders (X, Z axis) always provide
a 10 kPa confining pressure. The deformed sample is then sub-
jected to an extensive loading path along the Y-axis back to its
original zero-strain configuration in order to determine whether
the evolution of Bishop’s coefficient will follow the same curve
in the opposite direction. The state path of the numerical test is















































































































χ1 Triaxial compression test
χ1 Reverse test
χ3 Triaxial compression test
χ3 Reverse test





















Fig. 4. Evolution of the (a) shear stress in the triaxial compression test (left to right) and the reverse extension test (right to left); (b) porosity in triaxial
compression test (left to right) and reverse extension test (right to left); (c) saturation in triaxial compression test (left to right) and reverse extension
test (right to left); (d) coordination number in triaxial compression test (left to right) and reverse extension test (right to left); (e) major and minor
principal values of Bishop’s coefficient in triaxial compression test (left to right) and reverse extension test (right to left); (f) ratio of major and minor
principal values of Bishop’s coefficient in triaxial compression test (left to right) and reverse extension test (right to left)
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shown in Fig. 3 in the space of the shear stress q ¼ σ1 − σ3, the
average effective stress p 0 ¼ 1=3ðσ1 0 þ σ2 0 þ σ3 0 Þ, and the poros-
ity Φ, where subscripts 1, 2, and 3 denote the major, intermediate,
and minor principal directions in the compression test, respectively.
Note that the authors conserve this assignment, although at the late
phase of the reverse test the major and minor principal directions
will switch between them (σ1 < σ3), thereby allowing the shear
stress to be negative and the ratio of the principal values to be
smaller than 1.
The simulated hydromechanical responses, such as the shear
stress and the porosity (Fig. 4) resemble those in classical triaxial
compression and extension tests on sand (Shapiro 2000). In the
compression test, as expected, the preconsolidated sample shows
an initial contractancy and then dilates with a decreasing slope until
a critical porosity or degree of saturation is reached. During the
extension test, the sample is first compressed and then dilated.
However, the path it follows does not coincide with the previous
curves in the compression test, although the only change in the ex-
perimental conditions is the reverse of the axial loading direction.
This can be foreseen based on the plastic nature of granular mate-
rials: the deformation of granular media induces a permanent
change in the contact fabric because the internal contact and
liquid bridge forces between grains are not capable of restoring
the initial configuration. Under the external restoring load, the
total major principal stress σ1 quickly drops to the controlled
lateral stress σ3 at 14.2% strain (with initial isotropically
confined sample as reference), and the principal directions alter
thereafter. The switch between the contractancy and dilatancy
occurs at 4% strain, as indicated by the porosity Φ, the degree
of saturation Sr, and the coordination number K. The authors
distinguish between the coordination number of grain contact
forces and the coordination number of liquid bridge forces
and present their evolution in Fig. 5. The number of grain con-
tacts immediately decreases when the deviatoric loading begins,
and the evolution of the number of liquid bridges lags behind
since a meniscus could persist when a grain pair initially in con-
tact is separated by a distance smaller than the model’s rupture
distance.
During the compression test (Fig. 4), both the major principal
component χ1 and the minor component χ3 of χ briefly increase
and then decrease smoothly. The fact that χ3 decreases more rap-
idly than χ1 clearly reveals the anisotropic nature of Bishop’s ef-
fective stress coefficient. The measure of the anisotropy χ1=χ3 also
closely follows the same pattern, suggesting a relation between the
density of the sample and the anisotropy of the capillary stress
tensor.
As for the extension test shown in Fig. 4, χ1 and χ3 exhibit
different behaviors: χ1 rises to a peak value at 12.5% strain whereas

























































Fig. 5. Evolution of coordination number of (a) grain contact forces in triaxial compression test (left to right) and reverse extension test (right to left);
(b) liquid bridge forces in triaxial compression test (left to right) and reverse extension test (right to left)















χ1 Triaxial compression test
χ1 Reverse test





















Fig. 6. (a) Major and minor principal values χ1 and χ3 of Bishop’s coefficient versus degree of saturation; (b) ratio of major and minor principal
values χ1 and χ3 of Bishop’s coefficient versus degree of saturation; at the late phase of the reverse test, the major and minor principal directions
switch between them, yet Subscripts 1 and 3 still refer to the same principal directions as before, allowing the ratio to be smaller than 1
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Fig. 8. Distribution of contact and meniscus normal, PcontactðnÞ and PmeniscusðnÞ, and average force intensity, hFcontact · lin and hFcapillary · lin, during
suction-controlled triaxial extension test












































































































Fig. 7. Distribution of contact and menisci normal, PcontactðnÞ and PmeniscusðnÞ, and average force intensity, hFcontact · lin and hFcapillary · lin, during
suction-controlled triaxial compression test
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χ3 decreases, neglecting the continuous reduction ofΦ and the aug-
mentation of Sr; χ3 persistently increases, although both Φ and Sr
attain their extrema and evolve in opposite directions. The resulting
evolvement ratio χ1=χ3 consists of two straight lines of different
slopes [Fig. 4(f) guidelines] divided at the 12.5% strain, where χ1
reaches its peak.
The relation between χ and Sr is illustrated in Fig. 6. Unlike the
former totally different paths in the spaces, such as ðq;p 0;ΦÞ, ðq; ϵÞ,
and ðΦ; ϵÞ, the opposite loading initially reverses χ1, χ3, and χ1=χ3
approximately along the same paths as those in the compression test.
The paths all bifurcate around Sr ¼ 3.58% (Fig. 6 guidelines),
corresponding to the peak ofχ1 at 12.5% strain. Bishop’s coefficient
becomes increasingly isotropic as its two principal components
approach each other, and an unstable isotropic state is attained when
Sr reaches its extremum at 4% strain. Subsequently, the principal
directions of χ alter and the degree of anisotropy rises again.
A micromechanical analysis method has been developed and is
used to investigate the internal structure of liquid bridges of wet
granular media. The method separates the distribution of the me-
niscus orientation and the distribution of the mean capillary force
intensity by writing the capillary stress in the following form




























































































Fig. 9. Evolution of Bishop’s coefficient during extension test (from 15 to 5%): (a) χ1 versus axial strain; (b) χ1=χ3 versus axial strain; (c) χ1 and χ3
versus degree of saturation Sr under suction of 10 kPa; arrows point in loading direction; initial isotropic configuration is set to be the reference; (d) χ1
and χ3 versus degree of saturation Sr under suction of 20 kPa; arrows point in loading direction; initial isotropic configuration is set to be the
reference; (e) χ1 and χ3 versus degree of saturation Sr under suction of 50 kPa; arrows point in loading direction; initial isotropic configuration
is set to be the reference
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hFcapillary · linPmeniscusðnÞn ⊗ ndV ð14Þ
where n = unit vector of an azimuthal direction emanating from
the center of the granular sample; PmeniscusðnÞ = probability that
a meniscus will have orientation n; and hFcapillary · lin = mean value
of the dot product of the capillary force and the branch vector along
the direction n.
Fig. 7 recapitulates the rose diagram within the YZ-plane of the
distribution of PðnÞ and hF · lin for both contacts and liquid
bridges, setting the compression axis Y as the 0° reference.
PcontactðnÞ increases quickly in the Y-direction and reduces in
the lateral direction, in accordance with the external loading.
PmeniscusðnÞ, however, has its own fabric and aligns with the Y-axis
very smoothly since liquid bridges can still connect two separated
grains within a rupture distance. On the other hand, both
hFcontact · lin and hFcapillary · lin suddenly attain their maximum
anisotropic patterns and then gradually reduce to a smaller area
when the whole sample becomes loose.
With regard to the subsequent extension test, Fig. 8 illustrates
the internal structure evolution when the active border moves in the
opposite direction. The elevation of χ1 at the beginning appears
to be dominated by the fact that more liquid bridges are oriented
around the Y-axis. This trend stops at 12.5% strain, and PmeniscusðnÞ
starts to increase in the perpendicular direction. According to the
capillary model introduced in the section “Capillary Model,” the
magnitude of the capillary force decreases as the intergranular dis-
tance increases. The hF · lin diagrams thus indicate that the inter-
particle distances along the Y-axis are slowly enlarged, and the
distances along the Z-direction are reduced. The evolution of both
PmeniscusðnÞ and hF · lin results in a decrease in the major principal
component of the capillary stress σcapillary1 , and χ1 drops gradually,
as shown in Figs. 4 and 6.
The foregoing micromechanical analysis emphasizes that the
distributions of liquid bridge orientation and intergranular distance
have important roles in the anisotropy of Bishop’s effective stress
coefficient χ. The fabric of the meniscus orientation and that of
intergranular distances are generally different, and their evolution
under external loads depends on the previous configuration of the
granular structure or the loading history. The main source of the
discrepancy between contact and capillary stress anisotropies is
the different role capillary interactions play in grain assemblies.
Unlike solid contacts between grains, liquid bridges are capable
of connecting closely separated neighboring particles and provide
attractive capillary forces.
Additional simulations analogous to the previous tests were sub-
sequently performed to study the effect of suction pressure (SU) on
the evolution of χ during the extension test. The curves shown in
Fig. 9 confirm that the formerly observed evolution trends of χ1,
χ3, and χ1=χ3 are also present for SU ¼ 20 kPa and SU ¼ 50 kPa.
However, the strains at which χ1 reaches its peak and χ1 and χ3
intersect both shift to the right. Furthermore, the degree of
anisotropy increases with SU.
Effect of Fines Content on Bishop’s Coefficient
It is commonly accepted that the internal structure of granular
materials will be modified upon the addition of fine particles.
For example, small amounts of silt particles introduced into sand
could make the sand structure less stable, thereby increasing the
compressibility of the mixture (Lade and Yamamuro 1997). The
behavior of this granular mixture under external loads strongly de-
pends on its internal force chain, through which interaction forces
are transferred and endured (Thevanayagam 1998). Some fines may
be inactive in the force transmission as they sit in voids of the soil
skeleton constructed by coarse grains, while others can sustain
forces as they are trapped in the contact regions between the larger
grains. When more fines are added, the contact between fine grains
may predominate inside the sample. An illustration of different
mixture configurations is shown in Fig. 10.
In the DEM simulations conducted to investigate the effect
of fines content on Bishop’s coefficient χ, the authors prepared
a series of numerical samples composed of large particles and
different amounts of fines. The same sphere packing generation
algorithm as in the section “Evolution of Bishop’s Coefficient
during Suction-Controlled Triaxial Tests” is employed. First,
for each sample, 5,000 large grains 0.1 mm in diameter are ran-
domly distributed inside a cubic box made of six rigid frictionless
walls with no overlaps in between. All samples have the same
initial configuration of coarse grains. Then fine grains 0.04
mm in diameter are randomly inserted into the void of these
coarse-grain networks. In the resulting mixtures, the ratios of
the number of coarse grains and fine grains ncoarse∶nfine are equal
to 1∶7, 1∶8, 1∶9, and 1∶10. Each sample is consolidated closely to
the same porosity of 0.342 under 10 kPa confining pressure by
setting the friction angle to as small as 0.5°. It is then reset to
30° for a compression test along the Y-axis.
As presented in Fig. 11, ncoarse∶nfine ¼ 1∶7 and ncoarse∶nfine ¼ 1∶8
samples have nearly the same peak shear stresses as the coarse sam-
ple but possess higher residual shear stresses. The peaks in the other
samples are slightly reduced, suggesting that the skeleton of coarse
grains is rendered less stable by high amounts of fines. The dilat-
ancy for all mixtures is largely increased as expected.
Fig. 10. Intergranular soil mix classification; network dominated
by (a) coarse-grained interactions with fine particles confined
within void or between grains; (b) fine-grained interactions;
intergranular distances are enlarged to show network of liquid
bridges
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Fig. 12. (a) χ1 and (b) χ1=χ3 versus axial strain for samples of different amount ratios of coarse grains and fine grains, ncoarse∶nfin
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Fig. 13. χ1 (solid lines) and χ3 (dashed lines) versus degree of saturation Sr for samples of different amount ratios of coarse grains and fine grains,
ncoarse∶nfin









































Fig. 11. (a) Shear stress and (b) porosity versus axial strain curves with SU ¼ 10 kPa under constant confining stress 10 kPa; samples prepared with
different ratios of number of coarse grains and fine grains, ncoarse∶nfin
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When different amounts of fines are added to the sample of large
grains, the major principal component of Bishop’s coefficient χ1, as
well as the major/minor principal value ratio χ1=χ3, decreases sig-
nificantly, as observed in Fig. 12. Since the initial grain assemblies
composed of particles of different sizes do not necessarily yield
isotropic grain structures, the principal components χ1 and χ3
may not coincide at 0% strain. For each coarse–fine grain sample
in the simulations, the major principal direction corresponds to the
lateral directions (X, Z-axis) at the beginning of the deviatoric
loading. As the axial strain (along Y-axis) is applied gradually,
the axial component of Bishop’s coefficient surpasses the lateral
components, and thus the axial direction becomes themajor principal
direction. The strain at which the principal directions alter depends
on the fines content. The χ1=χ3 ratio is reduced in all mixtures by
approximately 6.8%. This observation reveals that the mechanical
response of grain assemblies with fines is more isotropic.
Fig. 13 provides the relationships between Bishop’s coefficient
and the degree of saturation. The increased retention of water,
reduction of component values, and decreased anisotropy can be
clearly observed. These phenomena make χ closer to the χ ¼ Sr
line, corresponding to the assumption that the coefficient is equal to
the degree of saturation (Laloui and Nuth 2009).
To gain insight into how the internal structures of the coarse–
fine mixtures are affected by deviatoric loading and the presence of
fines, the authors distinguished the contacts between two coarse
grains, two fines, and coarse–fine grain pairs, then monitored
the evolution of their mixtures during triaxial compression tests.
The same counts were performed for liquid bridges. The results
are shown in Fig. 14. It is common for coarse–coarse and
coarse–fine contacts to decrease as the samples are slowly com-
pressed along the Y-axis, while the portion of fine–fine contacts
augment. Liquid bridges have similar trends, but the changes
are more subtle. In addition, the researchers could see that
coarse–fine interactions dominate in the ncoarse∶nfine ¼ 1∶7 sample.
When the fines content is varied to ncoarse∶nfine ¼ 1∶8, the coarse–
fine and fine–fine occupy approximately the same portions. With




















































































































































































































































Fig. 14. Evolution of interaction compositions versus axial strain for samples of different amount ratios of coarse grains and fine grains, ncoarse∶nfin
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further increases in fines content, fine–fine interactions predomi-
nate over coarse–fine interactions, indicating that the skeleton com-
posed of fine grains starts to assume responsibility for reacting to
external loads.
Effect of Suction Pressure on χ for Coarse Sample and
Coarse–Fine Mixture
In this section the authors perform triaxial compression tests with
different suction pressures (SU) on samples of equal-sized coarse
grains 0.1 mm in diameter (A) and a mixture of coarse and fine
grains (B). First, 5,000 large grains are distributed randomly inside
a cubic box with no overlaps in between; the configuration of the
grains is identical in A and B. Then, for Sample B, as many fine
grains 0.04 mm in diameter are inserted into the void as possible.
The resulting mixture has a coarse/fine grains ratio of 1∶7.3 and a
volume ratio of 1∶0.4672. Both samples are isotropically consoli-
dated under a confining pressure of 10 kPa before deviatoric load-
ing. The initial porosity of Samples A and B are 0.394 and 0.341,
respectively.
Figs. 15 and 16 present the stress–strain relationships and poros-
ity versus axial strain curves under different suction pressures of 10,
20, and 50 kPa. Both A (left column) and B (right column) show
peak shear stresses and exhibit strain-softening behavior, as well as
the initial contractancy and following dilatancy. The curves suggest
that adding fines to the coarse grains increases the peak shear stress
and the dilatancy under the same SU. In addition, fines make the
suction pressure effect more significant, based on the observation
that the discrepancies in the stress and porosity curves between dif-
ferent pressures are enlarged for Sample B.
Figs. 17 and 18 present the evolution of principal components of
Bishop’s coefficient and their ratio. For Sample A, the curves of the
principal value under different SUs display behavior similar to that
in the study mentioned in the section “Evolution of Bishop’s Co-
efficient during Suction-Controlled Triaxial Tests”. Both χ1 and χ3
decrease as the SU increases. For Sample B, however, the evolution
of the principal values changes since the initial internal structure
constituted by coarse grains is modified by fines. Under a
10 kPa suction pressure, the components significantly reduce by
54% at 0% strain compared to A, and the component in the lateral
direction is larger than the axial component the first time. The prin-
cipal directions switch subsequently at approximately 2% strain.
The differences in χ1 and χ3 between the cubic shape at 0% strain
and the deformed shape at 5% strain also decrease. The same
reduction also appears at SU ¼ 20 kPa, where the magnitudes
remain the same. On the other hand, for SU ¼ 50 kPa, the initial
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Fig. 16. Porosity versus axial strain curves with different suctions (SU) under constant confining stress 10 kPa: (a) sample of coarse grains;
(b) mixture of coarse and fine grains
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Fig. 15. Shear stress versus axial strain curves with different suctions (SU) under constant confining stress 10 kPa: (a) sample of coarse grains;
(b) mixture of coarse and fine grains
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values of χ1 and χ3 increase by about 58%. The curves of χ1=χ3 in
Fig. 18 indicate that the degree of anisotropy increases with SU for
each sample. Comparison of A and B shows that χ becomes more
isotropic when fines are added in between large particles. The
χ1=χ3 ratio drops by 6.3, 10.5, and 7.7% for SU ¼ 10, 20, and
50 kPa, respectively. This phenomenon may be attributed to the
fact that the number of water bridges between two large grains
is notably raised. Fine particles could fill the void between coarse
grains and provide more proximate intergranular regions, thereby







































Fig. 19. (a) χ1 (solid lines) and χ3 (dashed lines) versus degree of saturation Sr for sample of coarse grains and (b) mixture of coarse and fine grains
under suction of 10, 20, and 50 kPa
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Fig. 17. (a) χ1 versus axial strain for sample of coarse grains and (b) mixture of coarse and fine grains
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Fig. 18. (a) χ1=χ3 versus axial strain for sample of coarse grains and (b) mixture of coarse and fine grains
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between fines inside the interspace of large grains are diversified
and thus make the directions of trapped menisci more random. In
this case, the coarse grains are submerged in media of fines and
smaller water bridges that are closer to saturated water than the dis-
crete water bridges in Sample A. Therefore, Sample B exhibits less
anisotropy on Bishop’s coefficient than Sample A.
Fig. 19 describes the relationship between Bishop’s coeffi-
cient and Sr under different suction pressures. All the curves
shift rightward for Sample B, confirming that more water is re-
tained. For SU ¼ 10 kPa, the combination of this phenomenon
and the reduction in the χ1 and χ3 values makes χ closer to
the χ ¼ Sr line.
Conclusions
In this work, the researchers introduce a tensorial Bishop coeffi-
cient χ to characterize the anisotropic responses of wetted granular
materials. Using solutions from the Young–Laplace equation, the
authors conduct discrete element simulations to analyze how the
formation and rupture of liquid bridges affect the principal values
and directions of the tensorial Bishop coefficient for two grain
assemblies undergoing triaxial compression and extension loading
paths. The results suggest that the anisotropy of χ is inherently
path dependent and related to suction pressure. A statistical analy-
sis of the interaction normal distribution allowed for a microscale
investigation of the effect of contact and meniscus fabric evolution
on Bishop’s coefficient. Another group of simulations was
performed on samples of coarse grains whose internal skeleton
was modified by the insertion of different amounts of fine grains.
These samples of various fines contents were subjected to triaxial
compression loading. Results suggest a dependence of Bishop’s
coefficient on the type of interaction that dominates the skeleton.
Comparing results for both coarse samples and mixtures, the au-
thors concluded that the addition of fines captures more water and
renders the distribution of liquid bridges less discontinuous and
less anisotropic. On the other hand, the tests under different
suction pressures confirmed that a sample with high SU retains
less volume of water and thus has a more discrete meniscus
distribution and shows a more anisotropic effect on Bishop’s
coefficient.
This paper focuses on the study of unsaturated granular matter
in a pendular regime. To extend this study to higher degrees of sat-
uration, the Young–Laplace equation could no longer be used. The
usage of computational fluid dynamics (CFD) or two-phase flow
interacting with DEM is more appropriate and will fall within
the scope of future studies. The current model also does not con-
sider factors such as surface roughness, hysteresis of contact angle,
and the coalescence and redistribution of liquid bridges. The study
within this paper is based on an idealized numerical model and does
not fully replicate the real behavior of unsaturated soils. Ongoing
research is being performed to improve the numerical model using
comparisons with experimental results.
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